This study aimed to set upper and lower bounds for the expected present value of whole life annuities and whole life insurance policies from incomplete mortality data, generalizing previous results on life expectancy. Since its inception, in the 17 th century, actuarial science has been devoted to the study of annuities and insurance plans. Thus, setting intervals that provide an initial idea about the cost of these products using incomplete mortality data represents a theoretical contribution to the area and this may have major applications in markets lacking historical records or those having little reliability of mortality data, as well as in new markets still poorly explored. For both the continuous and discrete cases, upper and lower bounds were constructed for the expected present value of whole life annuities and whole life insurance policies, contracted by a person currently aged x, based on information about the expected present value of these respective financial products subscribed to by a person of age x + n and the probability that an individual of age x survives to at least age x + n. Through the bounds of a continuous annuity, in an environment where the instantaneous interest rate is equal to zero, the results shown also set bounds for the complete life expectancy, which implies that the contribution of this research generalizes previous results in the literature. It was also found that, for both annuities and insurance plans, the length of constructed intervals increases as the data gap size increases and it decreases as the survival curve becomes more rectangular. Illustratively, bounds for life expectancy at 40 and 60 years of age, for the 10 municipalities showing the highest life expectancy at birth in Brazil in 2010, were constructed by using data available in the Atlas of Human Development in Brazil.
INTRODUCTION
According to Pitacco, Denuit, Haberman and Olivieri (2009) , actuarial science flourished in the mid-17 th century, based on compound interest rate theory and probability theory, as well as observations on mortality. Also according to these authors, one of the first themes to be addressed by this new science was calculating the expected present value of annuities. Such interest arose because governments used to sell whole life annuities as a way to finance public enterprises. Pitacco et al. (2009) also indicate that Jan de Witt, in 1671, was the precursor in the calculation of annuities using a hypothetical mortality table and a constant interest rate. However, as well emphasized by Haberman and Sibbet (1995) , de Witt's contribution had little repercussion at the time. The same, in turn, cannot be said of Edmund Halley's work, in 1693, which, in addition to developing a mortality table by means of actual observations, also introduced a method for calculating the cost of annuities that reverberates up to the present day. The reader interested in historical aspects of actuarial science will benefit from the reading of Hald (1990) and Haberman and Sibbet (1995) .
Thus, it can be noticed that actuarial science, since its inception, has taken as one of its central foci the study of annuities. To calculate the expected present value in an annuity for any given individual of age x, it is necessary to have access to a complete mortality table (having information from at least age x) or a survival function representative of the population to which the person belongs. In some instances, it is also possible to generate a complete table by means of abridged life tables and use the resulting complete table to calculate the cost of desired annuity or insurance (Baili, Micheli, Montanari, & Capocaccia, 2005; Ibrahim, 2008) .
However, when there is no data on the mortality probabilities (age after age) since age x, calculating the expected present value of desired annuity is compromised. The impossibility to obtain detailed mortality data for a sequence of ages may occur due to lack of historical records or little reliability of existing data or also because this is a new market that is still poorly explored, for instance.
The absence of complete mortality tables also hinders the calculation of longevity measures, as in the case of the complete life expectancy. In this way, Cohen (2011) established upper and lower bounds on life expectancy at a given age x, knowing only detailed mortality data from age x + n (and, indeed, life expectancy at age x + n), as well as the probability that a person aged x survives to at least age x + n.
This study aims to extend the results of Cohen (2011) , by setting bounds (upper and lower) for the expected present value of annuities and life insurance policies subscribed to by a person of age x, both in the continuous and discrete cases. Based on the definition of these bounds, it might be possible to estimate the actuarial premium of these financial products lacking detailed knowledge of the mortality profile between age x and a given age x + n.
It is worth emphasizing that, although the absence of data for more advanced ages is more common, it is understood that rather atypical cases also deserve careful discussion. In practice, the data gap for younger ages could occur, for instance, in the so-called Special Regimes of Social Security (Regimes Próprios de Previdência Social -RPPS) -or also in pension funds -which have few employees in the early working ages (or even a sequence of early ages without employees) and those in need to estimate mortality tables and/or calculate the cost of annuities for retirement purposes. So, this study brings a theoretical contribution to the literature, by generalizing the results of Cohen (2011) , with a potential practical applicability.
In order to achieve the goal outlined, the remainder of the text is organized as follows: section 2 presents the theoretical framework, focusing on the calculation of net single premiums for whole life annuities and life insurance, as well as an exposition of the results of Cohen (2011) for life expectancy. Section 3 shows the bounds, upper and lower, for the expected present value of annuities and insurance policies; and section 4 shows numerical results in an illustrative way, also promoting discussions on the theme. In turn, section 5 brings the final remarks of this study. It is also worth mentioning that, throughout the text, the standard actuarial notation is adopted. For more details, see Bowers, Gerber, Hickman, Jones and Nesbitt (1997 
THEORETICAL FRAMEWORK
Suppose a complete mortality table that has as its maximum age, i.e. no individual is supposed to be alive at age ω. Being q x the probability that a person of age x dies along that age, this implies that q ω-1 = 1. In addition, t p x , for 0 ≤ x ≤ ω an t ≥ 0, indicates the probability that a person of age x survives to at least age x + t. In the continuous case, t p x is named as survival function. Of course, as a survival function, t p x is a non-increasing function of t, i.e. as t increases, t p x decreases or remains at the same value. In addition, t p x = 1 and t p x = 0 whenever t ≥ ω -x. In addition, being
the force of mortality (or instantaneous mortality rate) at age x + t, for t > 0, then, the probability that a person of age x survives to at least age x + t and dies instantaneously thereafter is defined by t p x μ x (t)dt (Dickson, Hardy, & Waters, 2013) . Finally, i ≥ 0 is the annual effective interest rate in a compound capitalization regime and δ ≥ 0 is the instantaneous interest rate in the continuous capitalization regime, so that ln(1 + i) = δ. In this way, the financial decapitalization factor is defined as v = 1/(1 + i) = e -δ . So, as well taught by Dickson, Hardy and Waters (2013) , the expected present value of whole life continuous annuity subscribed to by a person aged x is given by:
The discrete case, i.e. the net single premium for a whole life annuity-due subscribed to by a person aged x is defined as:
A the expected present value of a whole life insurance policy in the continuous case subscribed to by a person aged x, and being A x the discrete counterpart, i.e. paying a monetary unit in the end of the contracting party's death year, then such values are formally defined as:
It is possible to associate the actuarial present value of a whole life insurance benefit (continuous and discrete) to the present value of the respective annuities as follows:
Further details about the relation between annuities and insurance are presented by Dickson, Hardy and Waters (2013) .
To calculate both the value of ä x and A x (when i > 0), it is necessary to know the entire survival history since age x. The same requirement would also be needed if we wished to calculate the complete life expectancy of a person aged x, which is defined as:
In this spirit, Cohen (2011) set bounds, upper and lower, on life expectancy of a person aged x, x n e   x n e   , even lacking detailed knowledge of the mortality history between ages x and x + n, as long as the probability that an individual aged x survives to at least age x + n is known, An example of the application of this result is the study by Rabbi (2013) , who calculated the upper and lower bounds for life expectancy in various age groups, as a way of analyzing trends in life expectancy in Bangladesh.
Besides the clear practical relevance, this result was also used by the author in the development of other theoretical results. Cohen (2015) showed sharper bounds for Markov and Chebyshev's inequalities when information on conditional expectation is available. According to the author, Markov's inequality provides an upper bound for the probability that a non-negative random variable takes a value greater than n (for x > 0). Thus, for instance, being such a random variable the (conditional expectation) is known, it is possible to refine inequality as follows:
So, these results only reinforce the importance of the study by Cohen (2011) , stimulating the extension of these ideas to other areas.
UPPER AND LOWER BOUNDS FOR ANNUITIES AND LIFE INSURANCE
In this section, the idea proposed by Cohen (2011) is extended to the case of continuous annuities, as set out in Proposition 1. In addition, the discrete case is also presented in Proposition 2. However, it is first necessary to define the present value of a given annuity-certain, immediate, temporary per n years and paying one monetary unit per year, for both the continuous and the discrete (in advance) cases, as expressed in equations (11) and (12), respectively:
Proposition 1 (continuous case): being x and x + n two ages such that 0 ≤ x ≤ x + n < ω, it is possible to state that This proposition sets upper and lower bounds on x a using known values of x n a  and n p x . The proof follows the same line as Cohen (2011) .
Proof: it is known that
Since it is a probability, one must have that t p x ≤ 1, for every t ≥ 0, so
Therefore, Now, it remains to prove the lower bound. Thus, return to the point where Since t p x is a non-increasing function of t, so n p x ≤ t p x , for 0 ≤ t ≤ n. Indeed, Therefore, which ends the proof.
After this demonstration, two points deserve to be highlighted. First, Proposition 1 is, in fact, an extension of the findings by Cohen (2011) . To verify this, it is enough to assume that δ = 0 in (13), from there it naturally follows that that is, the result of Cohen (2011) is a particular case of Proposition 1 when δ = 0.
Second, for δ > 0, and based on the relation between x A and x a presented in Equation (5), it is also possible to establish bounds for x A using an a priori knowledge about x n A  and n p x . In this way, we have: 
Once the result is known for the continuous case, the discrete case is developed in a similar way, as set out in Proposition 2.
Proposition 2 (discrete case): being x and x + n two integer ages, such that 0 ≤ x ≤ x + n < ω, it is possible to state that
Since it is a probability, one must have that t p x ≤ 1, for t = 0,1,..., n -1, so Therefore, Now, it remains to prove the lower bound. Thus, return to the point where Since t p x is a non-increasing function of t, so n p x ≤ t p x , for t = 0,1,...,n -1. Indeed, Therefore, which ends the proof.
Again, for i > 0, and using Equation (6), the bounds are set for A x by means of prior knowledge about A x+n and n p x . In this way, we have:
The development of this result is omitted, since it follows the same argument introduced for the continuous case and, therefore, it can be easily replicated by the reader. 
APPLICATION AND DISCUSSIONS
This section suggests applications and provides numerical examples about the results demonstrated in section 3. In addition, the effects of variation in the interest rate and the data gap (i.e. the value of n) are discussed, as well as the retangularization of the survival curve.
Initially, for illustrative purposes, intervals for the values of ä 20 and A 20 are calculated by considering the complete availability of data from the ages of 20, 30, 40, 50, 60, and 70 years, i.e. the intervals were calculated by means of different values for the data gap. In addition, still for illustrative purposes, the central point of the interval is considered an estimate of the actuarial fair value of the respective financial products and, based on this estimate, the error (estimated value less actual value, which uses the complete data since 20 years) is also computed. For the calculations, the 'IBGE 2015 mortality table' was considered for both sexes -extrapolated for ages over 80 years, and an effective interest rate of 3% per year. The results for ä 20 are summarized in Table 1 , while the results for A 20 are set out in Table 2 . Table 1 Bounds, estimates, and errors for ä 20 based on complete data on mortality from the ages of 20, 30, 40, 50, 60, and It is noticed in Table 1 that the estimate of ä 20 using the central value of the interval for the age of 30 years underestimates the actual value of the annuity concerned by less than 0.05%. In turn, if we used data referring to 70 years, where there is a 50-year data gap, the value of ä 20 would be underestimated by just over 8%. In turn, in Table 2 , the estimate of A 20 using the central value of the interval for the age of 30 years might overestimate the actual value of the annuity concerned by only 0.16%. However, if data referring to 70 years were used, the value would be overestimated by over 31%.
As a way of visualizing the effects that a variation in the interest rate would produce on the results, using the same mortality table, intervals were constructed for the value of ä 20 and A 20 considering data from 30 years and varying the value of interest rate. The results are detailed in tables 3 and 4, respectively. In these latter, given the choices made, it is observed that, in both cases, as the interest rate increases, the error also tends to increase. At this point, two aspects deserve to be highlighted: first, it would only be possible to calculate the error of having the actual values of financial products; but, surely, such values would not be available in situations involving incomplete mortality data. Second, the error would depend on the value used as an estimate. If, for instance, a researcher decided to conservatively use values greater than the central value of the interval as a way of analyzing the expected present value of annuities and life insurance policies, then the results on error might be different. Therefore, it is useful to evaluate how the length of the interval produced behaves in face of variations in the parameters, as the next subsection does.
The Length of Intervals
Once some illustrative results have been shown, it is worth formally discussing the impact of certain parameters on the length of the interval (upper bound minus lower bound) produced. Being T a the length of the interval formed by the bounds in (15), so T a is defined by the expression:
Using Equation (17), it is noticed that, everything else being constant, T a increases with increases in n, since � � �� ��
is an increasing function of n and n p x is a non-increasing function of n (see example in Table 1 ); just as we observe that T a decreases with increases in , since � � �� �� __ �� � � � � �� is a decreasing function of i (Faro, 2006) . This result is shown in Table 3 . Finally, T a decreases with increases in n p x , since, as stated, n p x is a non-increasing function of n.
This last result refers to the phenomenon of retangularization of the survival curve. The rectangularization process, as well shown by Wilmoth and Horiuchi (1999) , is characterized by high survival rates in childhood and adulthood, and rapid mortality in advanced ages. Thus, in a hypothetical case where n p x = 1, then the lower and upper bounds in (15) are equal and, indeed, � � � � �� __ � � ��� . � . This fact reinforces the result that the more rectangular the survival curve, the smaller distance between the lower and upper bounds of ä 20 , i.e. the smaller interval is produced. Just as in the discussion of the bounds of an annuity, it is also relevant to analyze the bounds for a life insurance. For this product, being T A the length of the interval formed by the bounds in (16), then T A is defined by:
For (18), it is observed that T A increases with increases in n (see Table 2 ) and decreases with increases in n p x , similarly to what happens with T a . However, T A increases with increases in i, since (1 -v n ) is an increasing function of i (see Table 4 ).
Defining Bounds for e 40° and e 60° Using the Atlas of Human Development in Brazil
This subsection presents an actual application of the results of Cohen (2011) Life expectancy at birth is the main longevity measure and it is commonly used as an indicator of human development (Mayhew & Smith, 2015) . Due to their importance, data on life expectancy at birth are typically set out in research on demography, public health, etc. However, when there is no detailed data on mortality, such availability does not occur as easily for life expectancy at other ages. Mathers, Stevens, Boerma, White and Tobias (2015) point out that life expectancy at the age of 60 years, for instance, is a relevant indicator of longevity for older people and knowing it for a given population is key to public planning in social security and health, among other areas.
Originally using the result of Cohen (2011) , it has been found that we can estimate upper and lower bounds for complete life expectancy at age x, only knowing the probability that a person aged x is alive at age x + n and the complete life expectancy at age x + n. Of course, using the same argument, bounds for The Atlas of Human Development in Brazil (Programa das Nações Unidas para o Desenvolvimento Humano, 2013b) is a tool for accessing the Municipal Human Development Index, for the years 1991, 2000, and 2010 and it is available at Programa das Nações Unidas para o Desenvolvimento Humano (2013a). Using this tool, it is possible, for instance, for the mentioned years, to obtain information about life expectancy at birth, the probability that a newborn survives until the age of 40 years, and the probability that a newborn survives until the age of 60 years, for all Brazilian municipalities. It is worth noticing that, in 2010, Brazil had 5,565 municipalities. So, it is possible to construct intervals for life expectancy values at ages 40 and 60 years for Brazilian municipalities in the respective years.
Illustratively, Thus, using these intervals could provide relevant information for research on the heterogeneity of the Brazilian population's mortality and promote discussions on the adoption of a minimum retirement age, particularly in the current political-economic context that the country has experienced (Souza, 2018) . 
FINAL REMARKS
In this study, and inspired by the work of Cohen (2011) , the upper and lower bounds were demonstrated for the expected present value of annuities and life insurance policies. In addition, through the analysis of bounds for continuous annuities, it may be seen that the results shown are an extension of those provided by Cohen (2011) , and this extended the discussion to an actuarial context.
For both annuities and life insurance, the length of constructed intervals increases with increases in the data gap and it decreases as the survival curve becomes more rectangular. The interest rate, in turn, has a different effect on the intervals, increasing them when the interest rate increases, in the case of insurance plans and decreasing them in the case of annuities.
Besides the theoretical contribution, it is worth pointing out that the definition of these intervals may have a significant potential for applicability in markets where there is no historical record of mortality for certain ages or where data are unreliable or even in new markets that are still poorly explored. And, in addition to be used for pricing these financial products, they can provide information for research on demography, public health, social security, and public planning, for instance.
